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By DAVID A. ROTHROCK, Indiana University, Bloomington, Indiana. 



In an article entitled "Theorie der Transformationsgruppen," Mathemat- 
ische Annalen, Bd. XVI., Lie has classified and reduced to canonical forms all 
the finite continuous groups of the plane. We may very appropriately call these 
the Lie groups. In the present paper it is proposed to determine the functions 
of the coordinates of n points which remain invariant by these groups. In some 
cases the computations are quite complex ; only the methods of calculation are 
given. 

An infinitesimal point transformation gives to x and y the increments 

6x-=S{x, y)6t, 6y=rf(x, y)6t, 

respectively, where St is independent of x and y. Such an infinitesimal trans- 
formation is denoted in the Lie notation by 

ZM(*, y),-^ + V {x, y)~t. (1) 

The variation of any function <p(x, y) by this transformation is given by 
X<p{%, y)$t- Hence, if <p(x, y) is to remain invariant by the transformation Xf, 
its variation must be zero, or 
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X<p=S(x, y)-£- +V(*, 2/)4^=°- 

The function <p(x, y), invariant by the infinitesimal transformation Xf, is deter- 
mined as a solution of the linear partial differential equation Xf=0. 

The infinitesimal transformation Xf may be extended to include the in- 
crements of any number of points, x it y ( , t=l, 2 n. We may write this ex- 
tended transformation as 

Wf=2iX^f=2iS(x ( , y t ) if + Zvfa, y<) M- . (2) 

l l °Xi i oyt 

The functions of the coordinates of n points invariant by Wf will be the 2«— 1 in- 
dependent solutions of Wf—0. n of these solutions may be selected in the form 
<p{Xi, yi), where q>{x, y) is a solution of Xf=0 ; the remaining w—1 solutions will 
in general differ from <p(x, y) in form,* 

Infinitesimal transformations are called independent when no one can be 
expressed as a linear function of the others with constant coefficients, r such in- 
dependent infinitesimal transformations 

X k f=£ t (x, y)-^- + tft(x, y)-tf[-, (*=1 r), 

form a group when 

r 

XlXkf)-X t {Xify=2sc {H X,f, (c»,=constants). (3) 

The transformations of this r-parameter group A"*/ may be extended after 
the manner of (2) above, giving us W t f which determine the increments of a 
function /(a-, , y x ; x s , y s ; x n , y n ). On account of relation (3), 

WJ=0, WJ=Q W r f=0 

are known to form a complete system of linear partial differential equations in 2» 

variables o^i/, , x a y g , x n y„, with at least 2n—r independent solutions. If 

the r-rowed determinants of the coefficients vanish, more than 2n— r independent 
solutions will exist. These solutions are the invariants of the coordinates of n 
points by the r-parameter group of X t f. 

According to the theory here outlined we shall determine the point-invar- 
iants of the finite continuous groups as classified by Lie in the Mathematische 
Annalen, Vol. XVI. 

•Lie: TheoriederTransformationsgruppen, Bd. I., §59. 
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II. 

Invariants ov thk Primitive Groups. 

The primitive groups of the plane leave no family of oo 1 curves invariant, 
and may be reduced by a proper choice of variables to some one of the canonical 
forms known as (t) special linear, (2) general linear, (3) general projective. 

1 . The special linear group 



p, q, xq, xp—yq, yp 



df df 

Here p=-~~, q=-~. The increments of /(a;*, j/j) by the members of 

this group extended are given by 
^i/=^*-a"-. ^g/=-s*-a-i W.f=^,ixr~^-, 

The invariant functions sought will be the 2n— 5 independent solutions of the 
complete system 

^i/=0, W t f=0, W,f=#, WJ=0, WJ=0. (s) 

The first two equations show the solutions to be functions of 

Vj^^-xj, '/v=?/i-?/m (j=2..... n). 

The remaining equations then take the form 

n d f n d f 3 f n 8 f 

The second of these equations has solutions 

*j-=?jfj< ^f=9t*h (*=8 • n). 

With these functions as new variables, the first and third equations become 

5^ s + 1* ^|^3^ + -a^j-0, (1) 

+S-1L+ 1 S' w- »-*!+ J-2 M- -*J -o rai 

»\a*. + *,*, • ''a*** f 3 s H *oJl--°- (2) 

The solutions of (1) are seen to be 
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while (2) takes the form 



ft ft 3 



!^4£+^H- 



with solutions 



Pi r — 1 



-,(i=3. 



ft, Z=4 «). 



»< y< 


1 


*> :%• 


1 


XkVk 


1 



Since any functions of A and I will be solutions of our complete system (s), we 
may choose 

4= — £-= | 1 2 * | , A==Ii.J,.4= I 1 3 I | , where | i j i j = 

as solutions of (s), and, therefore, as the 2w— 5 invariants of the coordinates of n 
points. 

The forms of d and D show that the special linear group leaves invariant 
all areas. 

2. The general linear group 



p, q, xq, xp-yq, yp, xp + yq 



This group furnishes a complete system of six linear partial differential 
equations, the first five equations of the system being identical with those of the 
preceding section. We need only to determine the functions of A k and D t which 

satisfy 

n d f d f 

This equation requires that x, y enter in the final solutions with the degree zero. 
Hence, we may write at once the invariants : 



If- 



4 
D, 



| 1 2.1] : | 1 2 3 



J,=~^= | 1 3 I | : | 1 2 3 | (7=4, 



n). 



Hence, by the general linear group the ratio of areas remain constant. 
3. The general projective group 



p, q, xq, xp—yq, yp, xp+yq, x*p + xyq, xyp + y s q 
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The members of this group extended and equated to zero give a complete 
system of eight partial differential equations, the first six of which are identical 
with those of the general linear group, and therefore have solutions I, J defined 
above. The last two equations, 

» df d f * . d f df n 

Zixlx^ + y^^rylx^ + »-g^)=0, 

expressed in terms of I and J, become somewhat complex. For brevity we shall 
write these symbolically as 

Uf=0, F/=0, 

where Uf—0 has the solutions 

ll ' 9m ~ J m ' Vm I m {J 4 -I i+ l) ' (TO - & n >- 

With 7 4 , <f> m and f m as new variables, the equation Vf=0 takes the simple form 



d f » d f 



whose solutions are clearly 



»»— £*-, y», (m=8 n). 

14- y 
Selecting as invariants m and 7/ OT = H m , and restoring the variables sk<, ?/< 

we have 

_ | 1 2 m | . | 1 3 4 | „ _ | 1 2 4|. |2 3 m\ 
m ~ | 1 2 4 | . | 1 3 m | ' m ~ |12m|.|234|' 

The forms of 6 and 7/ show tA«( the general projective group leaves invar- 
iant the cross-ration of Jive points. Five points have two independent invariants, 
0, H ; four points have no invariant unless they be collinear, in which case the 
invariant is the cross-ratio of the four points. 

§2. 
Invariants of such Imprimitive Groups as Leave Unchanged One Family of 

ao ' Curves. 

The remaining finite continuous groups of the plane are known as imprim- 
itive, and are classified according as they leave invariant one, two, or an infinite 
number of families of oo 1 curves.* The groups of the first category have been 

*Lio: Math. Annates, Bd. XVI. 



254 

reduced by Lie to such canonical forms that the family of curves x=constant is 
transformed into itself. 



X^, X t q, X s q, Xrq 

r>l 



Here X k is a function of x alone. This group leaves the curves of the fam- 
ily %z=za singly invariant. 

The complete system 

WJ=2iX k {x t )4£-=0, (*=1 .... r), 

i °y< 

corresponding to this group, has as solutions * w x s , x„ and n—r other in- 
dependent functions d„ (.8=1 n—r), which we shall define as the n—r de- 
terminants of the matrix 



3/t y» 

*,<*,) ... 

x,(*i) ... 



2/s 



>Vr+s 



■ y» 



X r (x{) 



(Mr) 



(n^r + l) 



formed by filling the (r-fl)th column successively by the (r + 1), the (r+2). 
and the nth. 

Our invariants are x t and d s , (i=l n, 8=1 n—r). 



-X"i?. -^s? ^V-i7, 2/'/ 

r>2 



This group furnishes the'complete system 

Wt/sJiXfaylLBa, r/=itt/r|^— o, (t=i r - 1). 

The solutions of W t f=Q are clearly *, , x % x„ and the determinants 

4>, («S=0, 1, n—r), of the matrix (Af r -i) defined above. Fj(=0 requires 

the ratios of y { to appear. We may then write as invariants of the group 



»i, **, x n and p,=——, (t=\ n—r). 



e a ^q, xe a ' x q, x*e a *q, zP*e"*q,p 



k—1 mi, iSkpic + 'm—r— 1, r>2 

1 



We have 



The last equation requires the functions 



• «), 
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Wfrf^Siixtf .e a ^<-^-=0, rt=l, to, «i=0, 1 p t ). 

Xf= 2i4r-=Q- 

1 OXi 



to appear in the solutions of the system. On dividing the remaining equations, 

respectively, by e a,x i , the exponents of « all become functions of <p } . The inde- 
pendent determinants 4„ (s=0, 1 n— r) of the matrix (M r -{), formed as in 

4, will be solutions. 

The invariants are, therefore, tp } and ^,. 



•"*«, xe a **q, x*e a &q, x^ e a ^q, yq, p 



i=l, to, -SJfc/o* +m=r— 2, r>3 

i 



The complete system given by this group is 



.to, <*=(), 1, ...... p k ). 



W k tkjkZitef . e°"° x * -^-=0, (fc=l • • 

If a matrix be constructed, as indicated in 4 and 6, from the coefficients of the 
first r— 2 equations, it will be observed that the independent determinants A„ 

(8=— 1, 0, 1 n—r), will be linear and homogeneous in y< with coefficients 

composed of functions of <Pj=x$—x x . A, will be solutions of all equations except 
Yf=Q, which requires the ratios of yt to appear. Hence, the invariants may be 
written 



<Pi=Xj-x u P<=-j~, 0'=2. 



.n, t—0 n—r). 
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8. 



,g, xq, x*q, x r ~% p, xp + cyq 

r>3 



Here the complete system is 

W k f=2ix i *4r-=0, (*=0, 1 r-3) 

i "Hi 

J i dXi i *' dy t ' J i Bx t 
The solutions 

fi^Vi-Vh 9f=*i-*}> 0'=2. . "... . .«), 
of the first and last of these equations, introduced in Yf. give 

whose solutions are 



Wicf, expressed in ff, p, is 



.dp. 



* 3 



-#=0, (t=l, r-3). 



dp, 



The solutions of-these r— 3 equations are ff t , aud the determinants J„ (8=1, 
2 n—r + 2), of the matrix 



1 



Ps 



P4 



•A— 3+s Pn 



ff 3 l-e O^ 1 "". 



1 n r ~*~ e fff-Z-*. 



/T r—S—c 



Our invariants are 



x t —x k 



ff k = — and a,. 



9. 



9, %9, * 2 9, &-*q, P, xp + [{r-2)y + x r -'*]q 

r>2 
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The solutions of the complex system, 



W k f=2ix^-=0, (fc=0, 1. . . . *.r-3), 
Yf^2 i{xJJ- + [ (r-*yy t +xr*\-^}=0, 

^ i da* 

may be obtained in a manner similar to 8. The solutions, qfy, tpj, of the first and 
last equations, introduced in Yf as variables, give 



'd<pj 



with solutions, 



Introducing ff, p as new variables in Wf, we have 



.«). 



whose solutions are <r t and J s of the matrix constructed as in 8. 
The invariants are, therefore, 



(X t =Jh — EL, 4, (fc=3..... n, s=l n-r+2). 



10. 



q, xq, %'q, 



.&-% yq, p, xp 



r>3 



For this group 



W,f=2ix ( t -J-=Q, «=0, l......r-4), 

l "2/i 

n d f n S f «■ ft f 

w?*ijr*' *«/f*4*°. X °/ S H^H- 



The last two equations show that the ratios of the differences of the x'a, say 
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**=4 L -r-. (*=8, n), 



shall appear in the final solutfons. The n—r+3 independent determinants J„ 
(8=0, 1 n—r+2), of the matrix 



2/i 

1 



1 



Vr-t+s- 



.1 



c/- 4 a;/-*.... a? - * 



r-2+» 



are solutions of the first r—3 equations. These determinants are at the same 
time homogeneous in y { and x t — x t ; their ratios will, therefore, satisfy the re- 
quirements of 

ffk = x '~ Xk and Yf=0. 
x t —x t 

Hence, we may write our 2n—r invariants as 

j, 
ff t &ndp t ——r~, (fc=3 m, t—1 n—r+2). 



11. 



q, xq, x'q, ...... x r -*q, p, 2xp + (r—4)yq, x s p+(r—4)xyq 

r>4 



From this group we obtain the differential equations 

WJ= 2 ix{ 4^=0, «=0, 1 r-4), 

1 °Vi 



X^C^+(r-4)*4£)=0, 



uas^+Hj^H 



1 «** 



2T /=2*4f-=0. 



With the solutions $,-, <p h of the first and last of these equations, X 2 f takes the 
form 

^'H i( ^ +(r - 4) ^-^ )=0 ' 



whose solutions may be selected, 



u k = 



J l_ v= 4>j 



(fc=3......M,j=2 n). 



X y J then becomes 



^'/-2|^-g.+(r-4)%^=0, 



with solutions 
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, (1=4 «, ife=3 m). 



The remaining equations Wf in terms of <r, p are 



W ^-H- + * '(^v£==o, (t=1 ' r ~ 5 >- 

flp 3 4 dp, 



Constructing a matrix, 



Ps Pi P4, 

1 1 G- 4 - 

1 oV 



• Pr-S+g Pn 



1 

our invariants may be written 






a,— 



Xg—Xi X^ — Xfr 



Xi—Xi 



, and A„ (2=4 n, s—1 n—r + 3). 



12. 



q, xq, x*q, af-^q, yq, p, xp, x i p + {r—b)xyq 

r>5 



This group furnishes the system 

W,f= 2 i z&-=Q, «=0, 1 r- 5), Yjs 2iyM-=0, 

1 "Vi 1 °Vi 
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The first and last two equations show the final solutions to be functions of 



-3T»/ now becomes 



3 OM* 3 Of It °Tg 



with solutions 

Mj(M,— 1) 



The remaining equations expressed in thte new variables take the form 



»U). 



.n). 



n d f 

The independent determinants J„ (s=0, 1. . . . .«— r + 3), of the matrix formed 
from equations (A) as in 11 will be solutions of {A). J s will be linear in p, but 
F'/ requires the ratios of />'s to enter in the solutions. We may, therefore, write 
our invariants 

Of=- 



x, — a:, a;, — x it 

the cross-ratios of the abscissas of four points, and 

Vt~-j- t (*=1 n-r + 3). 



13. | P, axp + i/g, x^p + xyq 



From this projective group we may obtain the complete system 
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t fa* ! Saii By t ' t dx { J fly 

The solutions y t and 9^— »;,— xj of the first of these equations introduced 
in the last give 



" d f S f 



whose solutions are clearly 



1 1 cpj 



The second equation is now 



d f n d f n d f 



with solutions 



<?i=~r-, Pk=-~, Pt=~, Pt^Vi^sVg, (k=3 n, 1=4 n). 

**8 V 1 Vl 

Our invariants are then 

0T= Jh—oc } _ . x 1 -x !l _ x i —x l . _j/i_ = x \- x * — X *~ X S Vi_ 

' x 3 -x s ■ x.-xi 1 " x t -x 2 ' y , ' *** y.-y,' Pl >i'-*i '' y x ' 

whose geometric significance is apparent. 
14. 



yq, p, xp, x*p + xyq 



This four-parameter projective group yields the complete system 

i tyi i dxi ! dx t i dxi iJi dy, ' 

Here, we introduce the solutions, 

Vi 
of the first two equations in the last two as new variables, and have 

The last of these new equations is satisfied by 

1 1 <p, 



while the first becomes 



* 9 f n 3 f 
3 dff t 2-" J dpj 



The invariants of this group are, therefore, 
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u,*=- 



v* 



" 3 
Pk 



x t —x, 
x t —x % 

x 1 —x t 



P 2 



x i x i 



Xa "~"3/ft 



X 1 ~X, 



-, (1=4. 



•»}. 



»), 



§3. 



Invabiants of Such Imprimitive Groups as Leave Unchanged Moee Than 

One Family of ce 1 Curves. 

The groups of this section are classified according as they leave invariant : 

(A) Two families of oo x curves : a;=constant, i/=constant. 

(B) A single infinity of families of oo 1 curves : oa;+6i/=con8tant. 

(C) cc* of families of ce 1 curves : qj(%) + i/>(y)=c<msia.nt. 

The calculations for the invariants of the remaining groups will be much 
abbreviated. The subscripts i, j, k, I, will be used to denote the series of num- 
bers running from 1, 2, 3, 4, respectively, to n. 

(A) The families of curves x— constant, y=constant, remain invariant. 



9. 2/9 



15. 

The differential equations 

„. df df 

belonging to this group, evidently leave invariant 

Xi and i- k =(y t —y k ) : (i/, —y t ). 
16. 



9. 2/9> 2/ 8 9 



This is the general projective group in one variable, and leaves invariant 
%t, and the cross-ratios of any four ordinates. We may determine these cross- 
ratios by substituting ^ t of 15 in 





**^0, 




giving 


^ W t -l)|Z=O, 




and integrating, 








„_jfri-l f z -l y t —y, 

Pi — — ; — • ; — 

ti tz 2/2-2/a 


Vi-yi 
2/i -*Vi 



17. 



2/9- 



This group evidently leaves invariant 
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fh-Myx-yt) : (Vi-Vi), and <pj=x x -x s . 



18. 



9, yq, y'q, p 



The invariants for this group are clearly 



Pl ^ Vi Vl : Vi Vl , as in 16 above, and 
2/2—3/a 2/1-2/3 

(pj—x^—Xj, as in 17. 



19. 



q, p, xp + cyq 



The solutions of the complete system corresponding to this group must be 
functions o{fj=y i —y j , cpj=% x —x j% as shown by the first two members. These 
solutions, substituted in the last equation, give 



s &4{-+c2jf>4i; =0 > 



with solutions 



20. 



«*= 



ffi ~~~%k 



«*= 



2/i-2/* 



2/1-2/2 



2/1-2/2 



2/9i P. «P 



The invariants here are 



x. —Xu Vi —V* 



X* 37 a 



2/1-2/2 



21. 

By this group 

remain invariant. 
22. 



9- 2/9- 2/* 9. 2>r *P- 



Pr- 



2/2-2/s ' 2/1—3/8 ' *" ^i-^a 



9i 2/9, 2/ s 9» 2>> *?> **P 



This six-parameter group leaves invariant the cross-ratios of any four ab- 
scissas and ordinates : 



Pf 



■yi . 2/1-2 



<y,= 






23. 



2/2-2/s '2/i-2/s 

p + 9, xp + yq, x 2 p + y 2 q 



%i—xi 
x t x$ 






a* 



1L 

dxt 



+ »-JfM«'Tf+»^->-- 
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The solutions 

<p j =x 1 -x J , fj=yi-yj, ffi=x i -y l 
of the first equation, as new variables, give 

Selecting as solutions of the first of these new equations 



we have 



u t = 



<Pk 



<Pi 



»*= 



<P 2 



ff.=- 



2 ( % (i- *>j£+.,(l - «>|i.)+ <r,(l - ffi) -§L + ^l - ^)jf r 0. 



Hence, our invariants may be selected as the cross-ratios 



and the ratio 



Xg — Xi 



%■, — 3/„ 



ft= 



t= 



_ g,(i-g a ) 



« 3 (1 — »;) 

K 2 . J'l ^2 



Vt—yi 



Vi-yi 



y*-y» y t -Vs 



(B) All families of curves of the form ax j- by— constant remain invariant. 
24. 9, xp + yq 



The first transformation of this group shows the differences tj=y,—yj to 
enter in the final solutions. Hence the invariants may be written : 



Pf~ 



«*= 



yi—y* 



y^-y% 



Vi-y% 



25. 



p. 



This group of translations leaves invariant 

tpf-=x x -x h tj=y,-yj. 
26. 



p, q, xp+yq 



By this group any homogeneous function of the differences x 1 — Xj, y^—yj 
will remain invariant. 



M*=- 



X 1 —X k 



v k = 



M\-yk 



e—- 



*i-*« ' 3/1—3/2 ' J/i-3/s 

(C) 7Vie totality of curves q>{x) + tf. , (y)~= constant remains invariant. 

27. 



This group is the only one of the class, and evidently leaves invariant the 
abscissas X(, and the differences 

lY-=yi-yj- 



